Abstract. We show that a group with Kazhdan's property (T ) has property (T B ) for B the Haagerup non-commutative L p (M)-space associated with a von Neumann algebra M, 1 < p < ∞. We deduce that higher rank groups have property F L p (M) .
Introduction
Kazhdan's property (T ) of a topological group G is an important rigidity property, defined in terms of the unitary representations of G on Hilbert spaces. We recall the precise definition: A topological group G is said to have property (T ) if the pair (G, G) has relative property (T ).
For more details on property (T ), see the monograph [2] . The following variant of this property for Banach spaces was recently introduced by Bader, Furman, Gelander and Monod in [1] . Let B be a Banach space and O(B) the orthogonal group of B, that is, the group of linear bijective isometries of B.
Recall that an orthogonal representation of a topological group G on a Banach space B is a homomorphism ρ : G → O(B) such that the map g → ρ(g)x is continuous for every x ∈ B. If ρ : G → O(B) is an orthogonal representation of a group G, we denote the subspace of ρ(G)-invariant vectors by
Observe that B ρ(G) is invariant under G. The representation ρ is said to almost have invariant vectors if it has a (Q, )-invariant vector for every compact subset Q of G and > 0.
Some properties of the Mazur map
Let M be a von Neumann algebra acting on a Hilbert space H, and equipped with a normal semi-finite weight ϕ 0 . Let t → σ ϕ 0 t be the one-parameter group of modular automorphisms of M with respect to ϕ 0 . We denote by N ϕ 0 = M ϕ 0 R the crossed product von Neumann algebra, which is a von Neumann algebra acting on L 2 (R, H) and generated by the operators π ϕ 0 (x), x ∈ M, and λ s , s ∈ R, defined by
There is a dual action s → θ s of R on N ϕ 0 . Then let τ ϕ 0 be the semi-finite normal trace on N ϕ 0 satisfying
We denote by L 0 (N ϕ 0 , τ ϕ 0 ) the *-algebra of τ ϕ 0 -measurable operators affiliated with
It is known that this space is independent of the weight ϕ 0 up to isomorphism. The space L 1 (M) is isomorphic to M * . The identification goes as follows: there exists a normal faithful semi-finite operator-valued weight from N ϕ 0 to M defined by
Now, if ϕ ∈ M
+ * andφ denotes the extension of ϕ to a a normal weight onM + , the extended positive part of M, we then put
We associate to ϕ the Radon-Nikodým derivative and we have, p being the conjugate exponent of p,
is known to be superreflexive. We now introduce the Mazur map and establish some of its properties. 
is called the Mazur map.
We will need the following lemma.
. Let β > 0, and set y = α|x| β . We claim that the polar decomposition of y is given by α and |x| β . To show this, it suffices to prove that Im(|x| β ) = Im(|x|).
By taking orthogonals, we have to show that Ker(|x|) = Ker(|x|
By exchanging the role of |x| and |x| β , we get the equality. Let 1 ≤ p, q, r < ∞, and β = p/r; then M p,r (x) = α|x| β .
It follows from what
We denote again by α|a| the polar decomposition of a. We have already
and s ∈ R. By uniqueness in the polar decomposition, we have θ s (α) = α and θ s (|x|) = e −s/p |x|, and then
Thanks to the uniqueness of the duality map in superreflexive spaces, we just have to check that Tr(M p,q (a)
and if e, f are two central projections in
Proof. As is easily checked, we have
Let γ be the partial isometry occurring in the polar decomposition of ae + bf , and let a = α|a|, b = β|b| be the polar decompositions of a and b. We claim that γ = αe + βf . Indeed, we have
and ae + bf = (αe)(|a|e) + (βf )(|b|f ) = (αe + βf )|ae + bf |.
Since αe is zero on Ker(|a|e) and βf is zero on Ker(|b|f ), αe + βf is zero on Im(|ae + bf |) ⊥ = Ker(|ae + by|) = Ker(|a|e) ∩ Ker(|b|f ) (ef = 0). Using again the fact that ef = 0 and that e, f are central elements, we deduce that 
Proof. By Lemma 3.2 in [10] , we have a decomposition J = J 1 + J 2 with the following properties: J 1 is a *-homomorphism, J 2 is a *-anti-homomorphism and J 1 (x) = J(x)e, J 2 (x) = J(x)f for all x ∈ M, with e, f two orthogonal and central projections such that e + f = I.
Observe first that, for a ∈ N ϕ 0 with a ≥ 0 and a positive real number r, we have
and the same is true for J 2 .
If α is a partial isometry, then J 1 (α) and J 2 (α) are partial isometries with initial supports J 1 (α * α) and J 2 (αα * ), and final supports J 1 (αα * ) and J 2 (α * α) respectively.
Let x = α|x| ∈ N ϕ 0 . Since the supports of J 1 and J 2 are orthogonal, it follows from Proposition 2.5 that
Moreover, we have
An essential tool for the proof of Theorem 1.3 is the following result about the local uniform continuity of M p,q , which is proved in Lemma 3.2 of [8] (for an independent proof in the case L p (M, τ ) = S p , see [7] ).
Proposition 2.7 ([8]). For 1 ≤ p, q < ∞, the Mazur map M p,q is uniformly continuous on the unit sphere S(L p (M)).

Group representations on L p (M)
Sherman's description of the surjective isometries of L p (M) in [9] is a crucial tool in the following result (non-surjective isometries in the semi-finite case, and 2-isometries in the general case are described in [14] and [5] respectively). This will allow us to transfer a representation of a group G on L p (M) to a representation of G on L 2 (M).
Proposition 3.1. For p > 2, and U ∈ O(L
Proof. The fact that ||V (x)|| 2 = ||x|| 2 for all x ∈ L 2 (M) follows from Proposition 2.3, and V is bijective by Lemma 2.2. We have to prove that V is linear on L 2 (M).
By Theorem 1.2 in [9] , there exist a Jordan isomorphism J of M and a unitary w ∈ M such that 
Lemma 3.2. For ϕ ∈ M
+ * , we have
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Proof. For all ϕ ∈ M + * , we have
where in the last equality we used the fact that J is a Jordan homomorphism.
In Lemma 2.1 in [11] , it is shown that there exists a topological
which satisfies the following relation on the Radon-Nikodým derivatives:
From Lemma 3.2, we obtain
As a consequence, the linear and bijective isometry U of L p (M) is given by the following relation on positive elements:
This relation extends by linearity to the whole L p (M). Now notice that K −1 • J is a Jordan isomorphism on N ϕ 0 and a topological isomorphism (for the measure topology) on L 0 (N ϕ 0 , τ ϕ 0 ) . By Proposition 2.6, for x ∈ N ϕ 0 , we have
Recall from [8] that the Mazur map is continuous for the measure topology on
for the measure topology, we have
which gives the linearity of V on L 2 (M). 
Using the fact that B commutes with J(M), and as in the proof of Proposition 2.6,
The linearity on the whole
Proof. By the previous proposition,
Let U be a representation of a topological group G on L p (M) and let
, and we have
by the uniform continuity of M 2,p on the unit sphere (see Proposition 2.4). This is a contradiction to Proposition 3.5.
In particular, we have
For g ∈ Q, we have
Recall that ||v n || p 2 p = 1 and that
Hence, by the uniform continuity of M p,2 on S(L 2 (M)), there exists an integer N (depending only on (Q, )) such that
This shows that w n is (Q, )-invariant for U when n ≥ N . This finishes the proof of Theorem 1.3. Let G be a higher rank group as defined in the introduction. Using an analogue of Howe-Moore's theorem on the vanishing of matrix coefficients, the authors of [1] showed that G has property (F B ) whenever B is a superreflexive Banach space and a certain pair (L H, H) of subgroups, which has property (T ), has also (T B ). The property (F L p (M) ) for higher rank groups in Theorem 1.6 is then a consequence of Theorem 5.2. Moreover, the result for lattices in higher rank groups is obtained by an induction process exactly as in Proposition 8.8 of [1] .
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